Abstract. In this paper we study the existence of the directional Lelong-Demailly numbers of positive plurisubharmonic or plurisuperharmonic currents. We prove the independence of these numbers to the system of coordinates. Moreover these numbers will be given by locally integrable functions.
Introduction
The problem of the existence of Lelong numbers of positive currents on open subsets of C n is still open, it was considered firstly by Lelong in the 1950'th, who had solved it in the case of positive closed currents, then in 1982'th this problem was solved by Skoda [5] in the case of positive plurisubharmonic (psh) currents. Replacing the standard Kähler form in the definition of the Lelong number by a (1, 1)−form relative to a psh function, Demailly [2] prove the existence of so called generalized Lelong numbers or Lelong-Demailly numbers for positive closed currents. Finally this problem was studied by the second author [3] in case of positive plurisuperharmonic (prh) currents. In 1996, Alessandrini and Bassanelli [1] consider an analogous problem, the existence of the directional Lelong numbers of positive currents and they solved it in plurisubharmonic case. A generalized form of this problem appear then, (directional Lelong-Demailly numbers) and it is solved by Toujani [6] in the same case. A natural question can be asked in this statement, is there a relationship between the two notions? Our goal is to study the case of positive prh currents where we show in particular that there is no relationship between the two notions.
In the hole of this paper, we consider n, m, k ∈ N such that k ≤ n. We use (z, t) to indicate an element of C N := C n × C m . Let Ω := Ω 1 × Ω 2 be an open subset of C N and B be an open subset relatively compact in Ω 2 . We consider two C 2 positive psh (psh) functions ϕ and v on Ω 1 and Ω 2 respectively such that log ϕ is psh in the open subset {ϕ > 0}. We assume that the two functions ϕ and v are semi-exhaustive (i.e. there exists R = R(ϕ) > 0 such that for every c ∈] − ∞, R[, one has {z ∈ Ω 1 ; ϕ(z) < c} ⊂⊂ Ω 1 ). For 0 < r < R and r 1 < r 2 < R, we set: B ϕ (r) = {z ∈ Ω; ϕ(z) < r} and B ϕ (r 1 , r 2 ) = {z ∈ Ω; r 1 ≤ ϕ(z) < r 2 }.
To simplify the notations, we set: β ϕ := dd c ϕ(z), β v := dd c v(t) and α ϕ := dd c log ϕ(z). In the classical case, we set ω z = dd c |z| 2 and ω t = dd c |t| 2 the Kähler forms of C n and C m respectively, and ω = ω t + ω z the corresponding one of C N .
Let T be a positive current of bidegree (k, k) on Ω. The purpose of this paper is to study the directional Lelong-Demailly number of T with respect to B relatively to ϕ and v defined as the In classical case, we use
These numbers are studied in the case of positive psh current by Alessandrini and Bassanelli [1] and they showed that it's independent to the system of coordinates in the classical case. The general case has been studied by Toujani [6] .
The main tool in this paper is the following formula:
We assume that the current T is positive psh or prh on Ω. Let (T j ) j∈N be a smooth regularizing sequence of T . Then for every 0 < r 1 < r 2 < R and for all
This equality still true when we replace T j by T for q = p − 1.
As a consequence of this formula, if T is a positive psh current on Ω then the function ν(T, ϕ, B, .) is positive and increasing on ]0, R[ so its limit at 0, ν(T, ϕ, B), exists. This result is true when m = 0 (Lelong-Demailly numbers). This statement is so different for positive prh currents as the following examples shown:
is an example of positive prh current of bidimension (1, 1) on the unit ball of C 2 which has no Lelong number at 0, but it has (classical) directional Lelong numbers (in both directions) and this can answer to the question asked before.
Example 2. The current (2, 2) on the unit ball B of C 3 which has no directional Lelong number with respect to the disc
In fact, for r <
).
The result is obtained by tending r to 0.
As the second example shows, we need a suitable condition to prove the existence of directional Lelong-Demailly numbers; for this, as it was introduced in [3] , we say that T (B, ϕ and v) satisfy Condition (C) if the function s −→ s −1 ν(dd c T, ϕ, B, s) is integrable in a neighborhood of 0. Using the Lelong-Jensen formula, we can see that Condition (C) is satisfied for a positive psh current. Proof. For 0 < r < R, we consider
Thanks to Condition (C), the function g is well defined. Moreover it is positive on ]0, R[ because the function ν(dd c T, B, .) is negative on ]0, R[. As the current T is positive prh, then using Lelong-Jensen formula, we have for 0 < r 1 < r 2 < R,
Hence the function g is positive and increasing on ]0, R[, thus its limit when r goes to 0 exists. As Condition (C) is satisfied and (s/r) n−k − 1 is uniformly bounded in neighborhood of 0, then ϕ, B) .
This example proves that Condition (C) in Theorem 1 is not necessary for the existence of directional Lelong-Demailly numbers.
Independence to the system of coordinates
In this part we prove the independence of Lelong-Demailly numbers of positive psh or prh currents to the system of coordinates, this result is due to Alessandrini and Bassanelli [1] in the classical case. 
In particular, if the current T is positive prh, then ν(T, ϕ, B) exists if and only if ν(T, ϕ p , B)
exists for some p ≥ 2.
Furthermore, in both cases (with the assumption that ν(T, ϕ, B) exists if T is prh) we have
Proof. Let ǫ > 0. If we replace ϕ by ϕ ǫ = ϕ + ǫ and ψ by ψ ǫ = (ϕ + ǫ) p in the Lelong-Jensen formula, we obtain for every 0 < r 1 < ǫ < r = r 2 < R(ϕ), 
here we have used successively Equality (2.2) with ψ ǫ instead of ϕ ǫ , then the change of variable s → s p , next Equality (2.3) and finally equality (2.2). When ǫ → 0, Equality (2.4) gives Equality (2.1).
Thanks to Equality (2.1), for every r ∈]0, R(ϕ)[, we have
For a technical reason, we distinguish the two cases:
• First case dd c T ≥ 0: The current dd c T is positive closed, so ν(dd c T, ϕ, B, .) is a positive increasing function. Hence
.
It follows that
• Second case dd c T ≤ 0: The current dd c T is negative and closed, so ν(dd c T, ϕ, B, .) is a negative decreasing function. A similar computation proves that we have
In both cases, the two terms of the right hand and the left hand have the same limit when r → 0 + . This completes the proof of the proposition.
Remark 1.
If the current T is positive psh (resp. prh satisfying Condition (C)) then
The current T 2 defined on C 3 by
shows that this equality is not true if Condition (C) is not satisfied; so the second equality in Proposition 2 is sharp.
Theorem 2. Let T be a positive psh or prh current of bidegree (k, k) on Ω and ϕ, ψ two psh functions such that
Assume that T, ψ and B satisfy Condition (C). Then ν(T, ψ, B) ≥ ℓ n−k ν (T, ϕ, B) .
This Theorem is known with "comparison theorem"; a such theorem was proved by Demailly in case of positive closed currents. This result allows us to prove the independence of directional Lelong-Demailly numbers with a changement of the system of coordinates.
Proof. Replacing ψ by ψ p and ℓ by (p − 1)ℓ where p ≥ 2 large enough, we can assume that lim inf
Hence we have
ǫϕ ℓ for every ǫ > 0. As ℓ ≥ 2, Ψ ǫ is C 2 . Thanks to dominated convergence theorem,
for every r ∈]0, R(ψ)[. If the current T is positive prh then the function g ǫ defined by
Where we use the fact that Ψ ǫ ∼ ǫϕ ℓ and T ∧ (dd c (ψ
The same result can be obtained in the case of positive psh current by using g ǫ (r) = ν(T, Ψ ǫ , B, r).
If ǫ → 0, we obtain ν(T, ψ, B, r) ≥ ν(T, ϕ ℓ , B). Thus, if r → 0, ν(T, ψ, B) ≥ ν(T, ϕ ℓ , B).
In particular if log ψ(z) ∼ ℓ log ϕ(z), for ǫ > 0 (with ℓ(1 − ǫ) ≥ 2), there exists η > 0 such that if |ϕ(z)| < η, then ϕ(z) ℓ(1+ǫ) ≤ ψ(z) ≤ ϕ(z) ℓ(1−ǫ) . So we can apply the previous inequality to obtain
When ǫ → 0, we obtain ν(T, ψ, B) = ℓ n−k ν(T, ϕ, B).
Main result
The main result of this paper is the following theorem:
for every open ball B ⊂⊂ V .
The analogous of this result in the case of positive psh currents was proved by Alessandrini and Bassanelli [1] . For k = 0 or k = n the proof is simple, indeed • If k = 0 then h := T is a positive prh function and
• If k = n, one has ν(T, B) = lim 3.1. Preliminary lemmas. To prove the main result in case 1 ≤ k ≤ n − 1, we need a special transformation of coordinates (introduced by Siu [4] ) given by w = w(z, t) = (w 1 , ...., w m+n ) such that (z, w I ) = (z 1 , ...., z n , w i 1 , ...., w im ) form a system of coordinates of C N for every 1 ≤ i 1 < i 2 < ..... < i m ≤ m + n. We denote by ω I := dd c |w I | 2 .
The first lemma is a version of Lelong-Jensen formula adapted to ω I :
In the case p = n − k, it is easy to see that there exist A > 0 and a closed C ∞ form φ on
